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On Observablest

Roman Fri¢t
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We propose a simple set-theoretic model of a generalized probability space
admitting intrinsic incompatible events and incompatible observables. It is a
coproduct in the category % of D-posets and D-homomorphisms each factor of
which is a classical Kolmogorovian probability space. Since classical events,
random functions, and probability measures can be treated within % in acanonical
way, the Kolmogorovian model becomesaspecial case. We show that o-additivity
and other o-notions can be replaced in a natural way by sequentia continuity.

1. INTRODUCTION

Example 1.1. Let (2, A, p) be a probability space and let f: 3 -~ Rbe
a random variable. Each elementary event o e () represents an “atomic
realization of a random experiment” and f(w) is the real number assigned to
w in the corresponding measurement. Further, for each Borel set B of rea
numbers, f —(B) isthe set of all elementary events for which the measurement
terminates in B and p(f —(B)) is its probability.

Now, assume that we start with a larger set X carrying a o-ring S of
its subsets, a measurable map g: X —» R, and a (finite) measure m such that
QCXACS0<m(),andfor each A e A we have p(A) = m(A)/m(Q).
Even though m need not be a probability, we can view (2, A, p) and f =
g|Q as a partial experiment in a broader setting represented by (X, S, m),
where () and A are certain limitations (restrictions) imposed for some reasons
on the experiment and the corresponding measurement, and mis a " gauge.”

Of course, we can consider families {(Q¢, A, p);t € T}, {fi=g| Qg
t e T} of such partial experiments within the same (X, S, m). Then events
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belonging to different A, and different random variables f; need not be “com-
patible.” Indeed, it can even happen that a certain event A belongs to A and
Acfors t e T, s # t, and ps (A) # p(A).

Motivated by this model situation, we propose generalizations of the
notions of a probability space and a random function.

Observation 1.2. Example 1.1 alows for various modifications and
ramifications. For example:

(i) The measure m can be infinite. Then, if m(Q)) isinfinite, we have
to define p(A) = 0 whenever m(A) is finite, and otherwise define
p(A) in some consistent way.

@iy If Q # P and m(Q) = O, «ill p and m can be related in some
consistent way.

(iii) The family Q;, t € T, can have some semilattice property.

(iv) The family {A; t € T} can be specified more explicitly, e.g.,
A= {AN QA € S}.

Example 1.1 can be analyzed within the theory of quantum logics (cf.
Ptak and Pulmannova, 1991). In fact, we shall proceed this way, but we will
restrict ourselvesto rather simple quantum logicsand wewill usethe apparatus
of D-posets.

First, each (€, A, py) isaclassical original probability space and f; is
a classical random variable. In this way we split up our initial experiment
into afamily of incompatible experiments and we study each of them within
the classical Kolmogorovian probability theory. Second, according to Képka
and Chovanec (1994), events, observables, and probability measures can be
described within the category 9 so that A, becomes a D-poset and f;~ and
p; become D-homomorphisms. Third, we paste the family {(Q, A, p); t
e T} as a coproduct. This yields a simple generalization of the classica
Kolmogorovian model.

Recall that a D-poset is a quintuple (X, =y, ©x, Ox, lx), where X is a
set, =y is a partiad order on X, Oy is the least element, I is the greatest
element, O is a partial operation on X such that a Sy b is defined iff b =«
a, and the following axioms are assumed:

(D1) a©xOx = aforeacha e X
(D2) Ifc=xb=yxa thenaSyb=xaOxcand (aSxc) Ox (aOx
b) = bOSxec.

If no confusion arises, the quintuple (X, =x, ©x, Ok, 1x) is condensed to X;
sometimes the index denoting the underlying set is omitted.

A map h on a D-poset X into a D-poset Y which preserves the D-poset
structure is said to be a D-homomorphism. In addition, if h preserves al



On Observables 679

existing suprema of nondecreasing sequences in X, then h is said to be a o-
D-homomorphism. As observed by F. Chovanec and F. Kdpka, for Boolean
algebras D-homomorphisms and Boolean homomorphisms coincide. A ¢-D-
homomorphism of the o-field of all Borel sets of the real line R into a D-
poset Y is called an observable on Y, and a o-D-homomorphism of a D-poset
Y into the interva [0, 1] (carrying the usua difference and order) is called
astateon Y.

2. A-SUM AND %-COPRODUCT

Let {X; t € T} be afamily of sets. We do not exclude the case when
each X; isafixed set, e.qg., thereal line, or asubset of agiven set X. Sometimes
we need to treat the sets X; as mutualy digoint. Then the elements of X; will
be denoted by (x, t) and hence s # timplies (X, s) # (X, t); X, will be replaced
by X(t). In some cases we simply assume that X, N X; = @ whenever s # t.

Let () be a set and let A be a field of its subsets carrying the usual
partial order (inclusion) and set operations. Clearly, ({2, A) can be considered
as aD-poset (A, C, ©a, 0, ) where the partial operation O, is defined as
follows: for A, B € A, A ©, B isdefined iff A D B and then we put A S5
B = A\B.

Let f be a measurable map of a field (Q,, A;) into a field (Q,, A,).
Clearly, f—: A, - A, isaD-homomorphism of (A, C, ©a,, 0, ),) into (A,
g; eAlv ﬂi Ql)

Construction 2.1. Let {(€, A); t € T} be a family of fields of sets.
Foreacht e T, let Q(t) = O X {t}, let A(t) = {{(», 1) € Q)| € A}
A e A}; then (€, A) and (Q(t), A(t)) are isomorphic and Q(s) N Q(t) =
O whenever s,t € T,s # t. Let Q = U7Q(t), let S(t) = {A € A(t)|A #
0,A#QM)},andletS = {0, O} U (U;1S(t). Define a partial operation
©s on S, partially ordered by inclusion, as follows: For A, B € S, A ©s B
is defined iff A D B and then:

i) PuUOQSsOQ=0066s0=Q,andPSs D = 0.
(i) ForeachA e S(t),te T, put Qs A=Q\Aand ASs 0 = A,
(iii) ForA,Be S(t),ADB,teTputAOSsB = A\B.

For eacht € T, define amap ki A, —» S as follows: k() = Q and, for
A# Q, put k(A) = {(0, 1) € Qt)|w € A}.

Proposition 2.2. Let {({), A); t € T} be a family of fields of sets.
Then (S, C, Ss, 0, Q) isaD-poset. For eacht e T, k; is an D-isomorphism
onto a D-poset subspace of (S, C, Ss, 0, Q).

Proof. The straightforward calculations are omitted.
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Definition 2.3. We shall call (S, C, Os, 0, Q) the A-sum of {(Qy, A);
t e T}; it will be denoted by A;c+(Q, AY). Maps ki Ay - S, t € T, are
called coprojections.

Observe that S is in fact the horizontal sum of its amost digoint
subspaces k(Ay), t € T (DvureCenskij, 1993). We claim that A (), A) is
the coproduct in the category of D-posets and D-homomorphisms and hence
it has some useful properties.

Let {(X;, =i, S, O, 1y); t € T} be afamily of D-posets. Recall that a
D-poset (X, =x, ©x, Ok, 1x) together with D-homomorphisms {ky: X; - X;
t e T}, caled coprojections, is the coproduct of {(X;, =, S, O, 1); t €
T} if, whenever (U, =y, ©y, 0y, 1y) isaD-poset and { ¢y: X — U; t € T}
are D-homomorphisms, then there is a unique D-morphism &: X — U such
that ® ok, = g, foreacht e T.

Construction 2.4. For each t € T, let (X, =, &, 0, 1)) be a D-poset,
let Y, = {(x, )[x # O, x # 1}, and let Y = {0, 1} U (U;.1Y,). Define a
relation = on Y as follows:

(i) O=sy=1foreachy e Y.
(i) v=uwheneveru= (x,t),v=(y,t)forsomet e Tandy =, x.

Clearly, = isapartial order, 0 isthe least element in Y, and 1 is the greatest
element in Y. Define a partial operation © on Y as follows: x © y is defined
iff y = x and then:

(i) PU151=0,100=1,000=0.

(iv) Foreach (x,t) € Y;,t e T,put 1© (x,t) = (L, S, % t) and (X,
) © 0= (xt).

(v) Foreach (x, t), (y,t) e Y, y=x,te T pu(xt)e(yt)=0
whenever x = yand (X, t) © (v, t) = (X, © Y, t) otherwise.

Foreacht € T, define amap ki X; — Y asfollows: k(0) = 0, k(1) = 1,
and, for x # 0, X # 1;, put k(X) = (X, t).

The proofs of the next two assertions are straightforward and are omitted.

Proposition 2.5. Let {(X;, =, S, O, 1); t € T} be a family of D-
posets. Then (Y, =, ©, 0, 1) is a D-poset and, for each t € T, k, is a D-
isomorphism of (X;, =, S, 0, 1) onto a D-poset subspace of (Y, =, S, 0, 1).

Corollary 2.6. Let { (X, =, ©;, O, 1); t € T} be afamily of D-posets.
Then (Y, =, ©, 0, 1) together with {k; t € T} isits coproduct. In particular,
if {(Q, AY;t e T} isafamily of fields of sets, then A..1(Q:, A,) together
with {k;; t € T} isits coproduct.
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Definition 2.7. Let {(X;, =, ©;, 1); t € T} be a family of D-posets
and let (Y, =, ©, 0, 1) together with {k,; t € T} be its coproduct. Let ¥ be
a D-morphism of (Y, =, ©, 0, 1) into a D-poset (U, =y, Sy, 0y, 1y). Then
{¥ okt e T} issad to be the spectrum of W.

Construction 2.8. Let { (), A, p); t € T} be afamily of probability
spaces. Let P be the unique D-homomorphism of (S, C, Os, 0, ) = A1 (L,
Ay) into [0, 1] suchthat Po x, = p, t € T. Denote by (D, C, Sp, 0, D) the
A-sum A (R, By) in which each factor is the real line R carrying the o-
field B of Borel sets. Let {¢: B, - D; t € T} be the corresponding
coprojections. For each 't e T, let f, be a random variable on (Qy, A, py.
This yields a map f of Q = U;.Q(t) into D = U;.tR(t) defined by
flw, t) = (fw), 1), » € 4, t € T. Foreach t € T, the preimage f;~ of f; is
a (sequentially continuous) Boolean homomorphism and hence a D-homo-
morphism of B, into A,. Thefamily { f;;t € T} yieldsageneralized preimage
fV of f which maps D into S. Indeed, let M e D. Then there aret € T and
B e B, such that M = ¢(B). Define fY(M) = k(f¢ (B)). Then fV is well-
defined and maps M into the smallest element of S containing the subset
fi(B) of 2. Observethat fY(M) = Qiff f-(B) = Q.. ItisaD-homomorphism
of Aict(Ry, By into Ay (Q, Ay). We shall show that both A, (€, A and
Ai1(R, By) can be equipped with a canonica sequential convergence such
that P, f¥, and hence P - fV become sequentially continuous.

Our probability model consists of A;.7(€);, A,) as ageneralized field of
events, P as a generalized probability, f as a generalized random variable,
and fV as ageneralized observable. We shall show that o-additivity and other
o-notions can be replaced in a natural way by sequential continuity.

Duetothefact that S = A1 (), A isacoproduct in 9, it is possible
first to study “factors’ (€2, A, py) and f, within @ and then to “paste” the
corresponding results to get results concerning S, P, and f.

Observation 2.9. Observe that if )(t) is partitioned into disoint hypothe-
ses, then for events in §(s), s # t, the total probability rule and the Bayes
formula do not hold. Hence our model has a quantum nature. The famous
two-dlit experiment can be accommodated into the model, e.g., as follows.
Starting with (X, S, m), let (¢, A, p), i = 1,2, represent the experiment
when on the first screen only the first, resp. the second, dlit is open. Let ({23,
A, ps) represent the experiment when both dlits are open. For 0, N O, =
0,0,UQ, C Qg Oy & Ag, Oy ¢ Ag, let P(Y) = ps(Y N (23) bethe probabil-
ity of hitting a region Y on the second screen, let P(Y|i) = pi(Y N Q)/p; (1)
be the probability of hitting Y when only the slit i isopen, i = 1, 2. Clearly,
in general, P(Y) = ps(Y) and P(Y|1) + P(Y|2) = p(Y N Q) + pa(Y N Q)
can differ (Accardi, n.d.).
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3. SEQUENTIAL CONTINUITY

In this section we introduce a new category, DS. We claim that DS is
a suitable category for the study of observables and probabilities within the
Kolmogorovian model and the results can be extended in a natural way via
A-sums to the generalized observables and probabilities.

From the viewpoint of category theory, a probability measure fails to
be a morphism, i.e., a map “preserving the structure.” As pointed out by F.
Chovanec and F. Kopka, thisformal shortcoming disappears within therealm
of D-posets. A probability measure on a o-field of sets is a o-D-homomor-
phism into [0, 1]. We claim that it is natural to consider both observables
and probability measures as sequentially continuous D-homomorphisms.

Clearly, D-posets and D-homomorphisms form a concrete category 9.
Not to destroy completeness and cocompleteness of the categories to be dealt
with, we do not exclude from our considerations the D-poset for which 0 =
1 and likewise the field of sets for which the underlying set is empty. To
avoid pathologies, we always assume that all fields of sets are reduced. Each
field of sets (), A) carries a natural D-poset structure and a sequential
convergence: (A, converges to A in A iff A = N Ui Ay, =
Uk=1 Nh=k An. It is easy to see that such D-posets together with sequentially
continuous D-homomorphisms form a subcategory of %; denote it by DS
Since for fields of sets, D-homomorphisms and Boolean homomorphisms
coincide, DSisisomorphic to the category FSof fields of setsand sequentially
continuous Boolean homomorphisms studied in Fri¢ (1997, 1999).

Observation 3.1. Let SCFS be the subcategory of FS consisting of o-
fields of sets and let SCDS be the subcategory of DS consisting of o-D-
posets (A, C, Oa, 0, Q) such that (Q, A) is a o-field. Since SCFS is
epireflectivein FS(Fric, 1997), also SCDSisepireflectivein DS. In particular,
this means that each sequentially continuous D-homomorphism between
fields of sets can be uniquely extended to a sequentially continuous D-
homomorphism between the generated o-fields.

Lemma 3.2. Let (), A) be afield of sets, let (A, C, Oa, O, 1) be the
corresponding D-poset, and let p be a probability measure on A. Then p is
a sequentially continuous D-homomorphism of A into [0, 1].

Proof. The assertion follows from the fact that each bounded o-additive
measure on a ring of sets is sequentially continuous (Novak, 1958).

Recall that afield A of subsets of () is s-perfect if each maximal filter
of sets in A having the CIP (countable intersection property) is generated
by a point or, equivalently, each sequentially continuous Boolean homomor-
phism of A into the two-element Boolean algebra is generated by a point.
Each perfect field is s-perfect, but the converse does not hold.
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Lemma 3.3. Fori = 1, 2, let (), A)) be a o-field of sets and let (A;,
C, ©a,;, 0, ) be the corresponding o-D-poset.

(i) Let f be a measurable map of (),, A,) into (4, A;). Thenf - isa
o-D-homomorphism of (A;, C, ©a,, B, ) into (Ay, C, O, 0, (1y).

(ii) Let h be ao-D-homomorphism of A, into A,. Then hisasequentially
continuous Boolean homomorphism of (Q,, A;) into (Q,, A). If Aiss
perfect, then there is a unique measurable map f of (,, A,) into (24, A,)
such that h = f -.

Proof. (i) Clearly, f - isa D-homomorphism. A straightforward calcula
tion shows (cf. Proposition 2.6 in Fri¢, 1999) that f - is sequentially continu-
ous. If (A, is a nondecreasing sequence in A, then (A, converges to
Un=1 A, and hence - (Un=1 A) = Un=1 T=(A,). Hence f- is a o-D-
homomorphism.

(ii) Since h is a Boolean homomorphism of A, into A,, it suffices to
provethat hissequentially continuous. First, let (M) be amonotone sequence
in A; converging to M. Then either (M,)) or (); ©4, M, is nondecreasing.
Since h is a o-D-homomorphism, necessarily (h(M,)) converges to h(M).
Second, let (A,) be an arbitrary sequence in A, converging to A. We are to
prove that the sequence (h(A,)) converges in A, to h(A), i.e, h(A) =
Niz1 Upok h(A) = Uiz Niog h(A). For k, | e N, put By = UKL A, and
Cy = UKZE A, For fixed k, (By) and (C,;) are monotone sequences converg-
ing in A; to By = Up—¢ A, and C, = Nj—¢ A, respectively. But h(By) =
UKZE h(A,) and h(Cy) = NKZ™ h(A,) and hence h(B,) = Up_y h(A,) and
h(C) = Ni—x h(Ay). Finaly, from h(N{-,B) = Ni-; h(B,) and
h(UR=: C) = UR-; h(CY) it follows that h(A) = Ni-; Unok h(A) =
Uk=1 Na=k h(Ay). The last assertion is now exactly (ii) of Proposition 2.6 in
Fri¢ (1999). This completes the proof.

Example 3.4. Consider the minimal field By of subsets of R generated
by al intervals of the form [a, ©), a € R, and the generated o-field B of al
Bordl subsets of R. Denote by §,, the Dirac measure concentrated at O,
i.e, d(A) = 1if0 e Aand d35(A) = 0if 0 ¢ A, A e B. Then [Un, 1) C
[/(n + 1), 1) foreachn € Nand [0, 1) = (-, [1/n, 1) in By, while (O, 1)
= [-, [Un, 1) in B. Conseguently, while 3, is a o-D-homomorphism of B
into [0, 1] (or into the two-element field of sets {0, }), &, restricted to B,
fails to be a o-D-homomorphism since 84([0, 1)) = 1 and d¢([1/n, 1)) = O.
Observe that 8, is sequentialy continuous both on By and on B.

Construction 3.5. Let {(€), A); t € T} be a family of fields of sets,
let (S, C, S, 0, Q) = Aicr (O, A, and let {k: A, - S; t € T} be the
corresponding coprojections. Define a sequential convergence on S as fol-
lows. a sequence (A,) converges to A iff there existt € T, B € A, and a
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sequence (B, in A; converging to B such that x(B) = A and k(B,) = A,
for dl but finitely many n e N. Clearly, it isthe finest sequentia convergence
on S, satisfying the Urysohn axiom of convergence, such that al ;, t € T,
are sequentially continuous. It will be called the fine convergence and, in
what follows, sequential continuity in a A-sum is always with respect to the
fine convergence.

Proposition 3.6. Let {(X;, Uy); t € T}, {(Y;, Vy); t € T} betwo families
of fields of sets and let {h: U, - V;; t € T} be afamily of sequentially
continuous D-homomorphisms. Let (U, C, Sy, 8, U) = A1, Uy, (V, C,
Ou 0, V) = Acr(Y,, V) and let { o Uy - U t e T}, {Ue Vg, » Vit e
T} be the corresponding coprojections. Assume that each U;, t € T, is
s-perfect.

(i) There exists a unique D-homomorphism h: U - V such that h o
@ = o hy.
(i) There exists a unique map f: Y - X such that f¥ = h.
(ifi) his sequentially continuous.

Proof. (i) follows from the fact that U together with {@; U; - U;t e
T} isthe coproduct of {(X;, Uy; t € T}.

(ii) follows from the fact that for each t e T, there exists a unique
measurable map f; of (;, V) into (X;, U,) such that f;- = h, (cf. Proposition
2.6 in Fric, 1999), the construction of a A-sum, and the construction of the
generalized preimage fV of f.

(iii) is straightforward. This completes the proof.

Denote by MM the category objects of which are fields of sets and
morphisms of which are measurable maps. The most important result about
s-perfectness is that the subcategory SPMM consisting of s-perfect objects
in MM and the subcategory SPFS consisting of s-perfect objects in FS are
dually isomorphic (Fri€¢, 1999). Since each measurable map f induces a
sequentially continuous Boolean homomorphism f -, the duality means that,
for s-perfect fields of sets, each sequentially continuous Boolean homomor-
phism is induced by a measurable map. In fact, it suffices that the domain
of the homomorphism is s-perfect. Further, s-perfectness is preserved under
the products of fields of sets and the generation of o-field. Since By is s
perfect, for each power RT the field BT of all Borel setsin R is s-perfect,
too. Thus each sequentially continuous Boolean homomorphism of (R', BT)
into ao-field of sets (€2, A) isinduced by a measurable map of ({1, A) into
(R, BT).

Proposition 3.7. The categories DS and SPMM are dual.
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Proof. Recall that DS and FS are isomorphic categories. Our proof is
based on the following facts from Fri¢ (1999).

(i) SPFS and SPMM are dualy isomorphic (cf. Proposition 3.2 in Fric,
1999), hence it suffices to show that FS and SPFS are equivalent categories.

(i) Let (2, A) be afield of sets. Then there exists a unique s-perfect
field of sets (Q*, A*) suchthat O C O*, A = {A N QA € A*}, and a
natural isomorphism h sending A € A* to A N Q such that both h and h™*
are sequentialy continuous.

(iii) Putting F((Q2, A)) = (Q*, A*), we get a (bireflective) functor F:
FS - SPFS

(iv) F is aleft adjoint to the inclusion functor G: SPFS - FSand the
adjunction is an equivalence (both the unit and the counit of the adjunction
are isomorphisms). This completes the proof.

SUMMARY

Since each probability measure on a field of sets A is sequentialy
continuous and can be extended to a probability measure on the generated
o-field o(A), it follows from the assertions proved in this section that it is
natural to consider each probability measure as a sequentially continuous D-
homomorphism of afield of setsinto [0, 1] and to consider each observable
as a sequentially continuous D-homomorphism between fields of sets. Let
{(Q, A, p); t € T} be afamily of classical probability spaces. For each
t e T, there is a one-to-one correspondence between random functions
Fo = { few: (Q A) - (R B)|u e U} and (multidimensional) observables
h: BYt - A, as sequentially continuous D-homomorphisms or, equivalently,
as sequentially continuous Boolean homomorphisms. Passing to the corres-
ponding A-sums, we get a one-to-one correspondence between generalized
random functions as point maps F (represented by families{F; t € T}) of
the underlying set of A;1(€, A,) and generalized observables FY (represented
by families {F{; t € T}) as sequentialy continuous D-homomorphisms of
Aict(R, B)Ytinto A (€, A). Thereis a unique sequentially continuous D-
homomorphism P of A..1({, A into [0, 1] such that {p; t € T} is the
spectrum of P. Compatibility of events and random functions means that they
are “located” in the same (€}, A).

In a forthcoming paper we shall develop a categorical approach to
classica random variables and functions. The results will be applied to
generalized random variables via A-sums.
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